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Possible Nonlinear Completion of Massive Gravity
Shinji Hamamoto
Department of Physics, Toyama University, Toyama 930-8555, Japan
Possible nonlinear completion of massive gravity is presented. An additional scalar ghost
contained in linear theory condensates to give rise to positive-energy excitations.
§1. Introduction
In previous papers,1)–4) we have investigated infrared regularization of linearized
massive tensor fields. Two model theories have been considered: one is of pure-tensor
(PT) type, which describes an ordinary massive tensor field of five degrees of freedom;
the other is of additional-scalar-ghost (ASG) type, which contains a scalar ghost in
addition to the pure tensor field. For the ASG model to have smooth massless limit,
an auxiliary vector-like field is introduced, by which the original theory is promoted
to the one invariant under vector BRS transformation. On the other hand, to carry
out infrared regularization of the PT model, we need to introduce another auxiliary
field of scalar type in addition to the vector-like one; the resulting theory is made
invariant under scalar BRS transformation as well as the vector one. However,
those models have to be seen as linear aproximations of some nonlinear theories.
Constructing complete nonlinear theories of massive gravity has been left unsolved.
The purpose of the present paper is to propose possible nonlinear completion
of the ASG model. The ASG model is easier to deal with than the PT model,
because in the former case only the vector BRS transformation comes on the stage.
The nonlinear form of this transformation is nothing but the quantum version of
general coordinate transformation. The scalar BRS has no classical counterpart;
constructing its satisfactory nonlinear version requires further study.
As stated above, the linear ASG model has a trouble with the scalar ghost.
We will show that some nonlinear effect can cause background instability and ghost
condensation. As a result, the ghost is converted to a field with positive-energy
excitations.
In §2 we summarize the results of infrared regularization of linearized massive
tensor fields. In §3 possible nonlinear completion of massive gravity is given. At
this stage the theory still has a trouble with the scalar ghost. Adding some non-
linear terms can settle the problem; the ghost condensates to leave positive-energy
exitations. This is shown in §4. Section 5 is devoted to summary and discussions.
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§2. Linear theories
The Lagrangian which describes a linearized massless tensor field hµν is∗)
L0 =
1
2
hµνΛµν,ρσh
ρσ + LGF+FP, (2.1)
where Λµν,ρσ is defined by
Λµν,ρσ
d≡ (ηµρηνσ − ηµνηρσ)− (ηµρ∂ν∂σ + ηνσ∂µ∂ρ) + (ηρσ∂µ∂ν + ηµν∂ρ∂σ) .
(2.2)
A Nakanishi-Lautrup (NL) field bµ, a pair of Faddeev-Popov (FP) ghosts (c
µ, c¯µ)
and a gauge parameter α have been introduced into the gauge-fixing and FP-ghost
Lagrangian
LGF+FP = bµ
(
∂νh
µν − 1
2
∂µh+
α
2
bµ
)
+ ic¯µ c
µ
= −iδ
[
c¯µ
(
∂νh
µν − 1
2
∂µh+
α
2
bµ
)]
(2.3)
with h
d≡ hµµ. The Lagrangian L0 is invariant under the BRS transformation
δhµν = ∂µcν + ∂νcµ, δc¯µ = ibµ. (2.4)
Two-point function of the tensor fields is∗∗)
〈hµνhρσ〉 = 1

{
1
2
(ηµρηνσ + ηµσηνρ − ηµνηρσ)
− 1
2
(1− 2α) 1

(ηµρ∂ν∂σ + ηµσ∂ν∂ρ + ηνρ∂µ∂σ + ηνσ∂µ∂ρ)
}
δ. (2.5)
Naive introduction of mass is made as
Lam [h
µν ] =
1
2
hµνΛµν,ρσh
ρσ − m
2
2
(
hµνhµν − ah2
)
, (2.6)
where a is a real parameter taking the values
a =
{
1
2 for the ASG model,
1 for the PT model.
(2.7)
Two-point functions are calculated as
〈hµνhρσ〉 = 1
−m2
{
1
2
(ηµρηνσ + ηµσηνρ − ηµνηρσ)
− 1
2m2
(ηµρ∂ν∂σ + ηµσ∂ν∂ρ + ηνρ∂µ∂σ + ηνσ∂µ∂ρ)
}
δ (2.8)
∗) The flat-spacetime metric used in the present paper is ηµν = (−1,+1,+1,+1).
∗∗) Here and hereafter spacetime coordinates are omitted in the field variables as well as in the
δ-functions.
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for the ASG model, and
〈hµνhρσ〉 = 1
−m2
{
1
2
(ηµρηνσ + ηµσηνρ − ηµνηρσ)
− 1
2m2
(ηµρ∂ν∂σ + ηµσ∂ν∂ρ + ηνρ∂µ∂σ + ηνσ∂µ∂ρ)
+
2
3
(
1
2
ηµν +
∂µ∂ν
m2
)(
1
2
ηρσ +
∂ρ∂σ
m2
)}
δ (2.9)
for the PT model. We see that the ASG model has second-order massless singulari-
ties, while the PT model has fourth-order.
The massless singularities of the ASG model can be eliminated by the following
procedure: introduce an auxiliary vector-like field θµ, replace the field hµν with
the combination
[
hµν − 1
m
(∂µθν + ∂νθµ)
]
in the Lagrangian (2.6) with a = 12 , and
append the gauge-fixing and FP-ghost Lagrangian (2.3). We then have
L
a= 1
2
BRS = L
a= 1
2
m
[
hµν − 1
m
(∂µθν + ∂νθµ)
]
+ LGF+FP
= L
a= 1
2
m [h
µν ]− 2mθµ
(
∂νhµν − 1
2
∂µh
)
− ∂µθν∂µθν + LGF+FP. (2.10)
The BRS transformation which keeps the Lagrangian (2.10) invariant is
δhµν = ∂µcν + ∂νcµ, δθµ = mcµ, δc¯µ = ibµ. (2.11)
It turns out that the massless singularities in (2.8) has been removed:
〈hµνhρσ〉 = 1
−m2
{
1
2
(ηµρηνσ + ηµσηνρ − ηµνηρσ)
− 1
2
[
(1− 2α) 1

+ 2α
m2
2
]
(ηµρ∂ν∂σ + ηµσ∂ν∂ρ + ηνρ∂µ∂σ + ηνσ∂µ∂ρ)
}
δ.
(2.12)
The massless limit of this model can be smoothly taken to give
L
a= 1
2
BRS(m = 0) = L0 − ∂µθν∂µθν, (2.13)
which is invariant under the BRS transformation
δhµν = ∂µcν + ∂νcµ, δθµ = 0, δc¯µ = ibµ. (2.14)
The transformation law (2.14) shows that the vector-like field θµ behaves as four
massless scalar fields in this limit. The zeroth component θ0 is a ghost as seen from
(2.13).
To remove the massless singularities of the PT model, we have to introduce
another field of scalar type ϕ in addition to the vector-like field θµ. And then we
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replace hµν with
[
hµν − 1
m
(∂µθν + ∂νθµ) + 2
m2
∂µ∂νϕ
]
in (2.6) with a = 1 :
La=1BRS = L
a=1
m
[
hµν − 1
m
(∂µθν + ∂νθµ) +
2
m2
∂µ∂νϕ
]
+ L′GF+FP
= La=1m [h
µν ]− 2 (mθµ − ∂µϕ) (∂νhµν − ∂µh)− 1
2
(∂µθν − ∂νθµ)2
+ L′GF+FP, (2.15)
where L′GF+FP is the gauge-fixing and FP-ghost Lagrangian fixed below. The BRS
transformation under which La=1BRS (2
.15) is invariant is given by

δhµν = ∂µcν + ∂νcµ, δc¯µ = ibµ,
δθµ = mcµ + ∂µc, δc¯ = ib,
δϕ = mc,
(2.16)
where the FP-ghost pair (c, c¯) and the NL field b have been newly introduced. They
are associated with the scalar part of the transformation. A possible choice of the
gauge-fixing and FP-ghost Lagrangian L′GF+FP is
L′GF+FP = −iδ
[
c¯µ
(
∂νh
µν − 1
2
∂µh+
α
2
bµ
)
+ c¯
(
∂µθ
µ − m
2
h+
β
2
b
)]
= LGF+FP + b
(
∂µθ
µ − m
2
h+
β
2
b
)
+ ic¯ c (2.17)
with the second gauge parameter β. It can be shown that the massless singularities
in (2.9) are removed by such a BRS extension. In the massless limit, this model
describes a massless tensor field Hµν
d≡ hµν − ηµνϕ, a massless gauge field θµ and a
massless scalar field ϕ. We have no ghost in this case.
On carrying out nonlinear completion in the following sections, we restrict our
consideration to the ASG model. In that case there appears only the vector BRS
tranformation, which is just a linear version of the quantum general coodinate trans-
formation. On the other hand, when the PT model is considered, the scalar BRS
transformation which does not find any counterpart in general relativity has to be
managed as well. This gives rise to new troubles. Although the ASG model has the
ghost problem, we can make it innocuous by ghost condensation mechanism, and
can even make good use of it.
§3. Nonlinear completion
To discuss nonlinear theories we introduce a curved-spacetime metric gµν
gµν
d≡ ηµν − κhµν (3.1)
with a gravitational constant κ, and a tetrad field e µk associated with the metric
e
µ
k e
kν = gµν . (3.2)
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The vector BRS transformation (2.11) is immideately extended to its nonlinear form:


δe
µ
k = κ
(
∂ρc
µ · e ρk − cρ∂ρe µk
)
,
δθµ = mcµ − κcρ∂ρθµ,
δcµ = −κcρ∂ρcµ,
δc¯µ = ibµ.
(3.3)
Basic quantities invariant under such a BRS tranformation can be constructed:
E
µ
k
d≡ e µk −
κ
m
e
ρ
k ∂ρθ
µ, (3.4)
Gµν
d≡ E µk Ekν = gµν −
κ
m
(gρµ∂ρθ
ν + gρν∂ρθ
µ) +
( κ
m
)2
gρσ∂ρθ
µ∂σθ
ν. (3.5)
In fact they behave as BRS scalars:
δE
µ
k = −κcρ∂ρE µk , δGµν = −κcρ∂ρGµν . (3.6)
Possible Lagrangians are therefore
L =
√−g F (E µk ) , (3.7)
where F is an arbitrary function. The action obtained is invariant indeed because
the Lagrangian (3.7) is transformed as
δL = −κ∂µ (cµL) . (3.8)
Lagrangians which are at most quadratic in E µk and reduce to (2
.10) in the
flat-spacetime limit κ→ 0 are found to consist of three terms as follows:
L = L˜m + γL˜N + L˜GF+FP (3.9)
with an arbitrary real number γ. Each of those terms is given by
L˜m =
1
2κ2
√−g
[
R+
m2
2
(2−Gµνηµν)
]
, (3.10)
L˜N =
m2
κ2
√−g
[
−3 + 2E µk δkµ −
1
2
(
E
µ
k δ
k
µ
)2
+
1
2
E
µ
k δ
l
µE
ν
l δ
k
ν
]
, (3.11)
and
L˜GF+FP = −1
κ
iδ
[
c¯µ
(
∂ν g˜
µν +
α
2
κηµνbν
)]
=
1
κ
bµ
(
∂ν g˜
µν +
α
2
κηµνbν
)
+ ic¯µ∂νD
µν
ρc
ρ, (3.12)
where g˜µν and Dµνρ are respectively defined by g˜µν
d≡ √−g gµν and
Dµνρ
d≡ g˜µσδνρ∂σ + g˜νσδµρ∂σ − g˜µν∂ρ − (∂ρg˜µν) . (3.13)
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We can easily make sure that L˜m+ L˜GF+FP goes to L
a= 1
2
BRS of (2
.10) and L˜N tends to
nil in the flat-spacetime limit κ → 0. In the following we take γ = 0 in (3.9) as the
simplest choice.
Now we go further. Following the suggetion of Fronsdal and Heidenreich,5) we
identify the vaccuum expectation values of θµ with the spacetime coordinates xµ,
and introduce a set of Goldstone fields Aµ:
θµ =
m
κ
xµ −Aµ. (3.14)
Under the BRS transformation (3.3), they behave as four scalar fields:
δAµ = −κcρ∂ρAµ. (3.15)
By the use of Aµ, Gµν is expressed as
Gµν =
( κ
m
)2
gρσ∂ρA
µ∂σA
ν . (3.16)
It can be seen that the Lagrangian (3.9) with γ = 0 describes a spacetime with a neg-
ative cosmological constant Λ = −m22 and four scalar fields Aµ on that background:
L˜m =
1
2κ2
√−g (R+m2)− 1
4
√−g gρσ∂ρAµ∂σAνηµν . (3.17)
The zeroth component A0 is still a ghost at this stage.
§4. Ghost condensation
The notion of ghost condensation has been introduced to obtain a consistent
infrared modification of gravity.6) To kill the scalar ghost A0 appearing in (3.17), we
can make use of the same method. Let us modify the Lagrangian (3.10) by adding
further nonlinear terms like
L˜′m =
1
2κ2
√−g
[
R+
m2
2
(2−Gµνηµν) + 1
2κ2
Q
(
− (κm)2G00
)]
=
1
2κ2
√−g
[
R+
m2
2
(
2−Gijδij
)
+
1
2κ2
P
(
− (κm)2G00
)]
, (4.1)
where
P (X)
d≡ −X +Q(X). (4.2)
The variable X denotes the negative of the kinetic term of A0:
X
d≡ − (κm)2G00
= − (κm)2
[
g00 − 2 κ
m
g0ρ∂ρθ
0 +
( κ
m
)2
gρσ∂ρθ
0∂σθ
0
]
= −κ4gρσ∂ρA0∂σA0. (4.3)
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We then assume that Q(X) starts from the second order when expanded into a power
series of X
Q(X) = a2X
2 + a3X
3 + · · · , (4.4)
and that P (X) takes a minimum at some point X = c2{
P ′(c2) = −1 +Q′(c2) = 0,
P ′′(c2) = Q′′(c2) > 0.
(4.5)
The first assumption (4.4) is for having flat-spacetime limit. In fact, if this assump-
tion is satisfied, the Q-term of (4.1) has a null effect in the limit of κ→ 0, and L˜′m
of (4.1) reaches the same limit as L˜m of (3.10) does. The second assumption (4.5)
is for making the ghost condensate. Here let us expect the background spacetime to
be of the Friedmann-Robertson-Walker type with the metric
ds2 = −dt2 + a2(t)dΩ2, (4.6)
where dΩ2 is the spatial metric for a maximally symmetric 3-dimensional space.
Then the Goldstone field A0 condensates once again under the second assumption:
A0 =
1
κ2
ct+ pi. (4.7)
Expanding P (X) around the minimal point X = c2 gives L˜′m the expression
L˜′m =
1
2κ2
√−g
{
R+
[
m2 − 1
2κ2
(
c2 −Q(c2))]}
+
1
2
√−g c2Q′′(c2) p˙i2 + 1
4
√−g (−gρσ∂ρAi∂σAjδij)+ · · · . (4.8)
This expression shows that the scalar ghost A0 has been converted to pi, which
has positive-energy excitations. We have now found that the vector-like field θµ
condensates to leave a quartet of the Goldstone scalars Aµ, and that the zeroth
component A0 which is still a ghost further condensates to give rise to the field pi.
In this respect the field pi is, so to speak, a Goldstone field of the second generation.
Note that in this case the cosmological constant Λ = 1
4κ2
(
c2 −Q(c2)) − m22 can be
positive or negative depending on the concrete form of Q(X).
Here is the simplest example. Take Q(X) as just a quadratic form satisfying the
conditions (4.5)
Q(X) =
1
2c2
X2. (4.9)
Then L˜′m (4.8) becomes
L˜′m =
1
2κ2
√−g
[
R+
(
m2 − c
2
4κ2
)]
+
1
2
√−g p˙i2 + 1
4
√−g (−gρσ∂ρAi∂σAjδij)+ · · · . (4.10)
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§5. Summary and Discussions
In this paper we have presented a simple model of nonlinear completion of mas-
sive gravity. This model describes a spacetime with a positive/negative cosmological
constant, and a set of fields on that background. The set consists of a Goldstone field
pi with positive-energy excitations and a triplet of normal massless scalar fields Ai.
The pion field emerges from ghost condensation. Physical implications of the ghost
condensation, which includes possible Lorentz-violating effects, have been discussed
extensively in Ref. 6).
This model has the smooth massless as well as the smooth flat-spacetime lim-
its. In the flat spacetime limit, it reduces to the BRS-extended ASG model. The
additional scalar ghost appearing there is just an artifact, telling us that the flat
spacetime is a false vacuum.
Nonlinear completion of the PT model is still unfinished. This problem is mainly
related to how to find a nonlinear version of the scalar BRS transformation.
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